Abstract. In this paper we give an algorithm for computing equations of Brauer-Severi varieties over perfect fields of characteristic 0. As an example we show the equations of all Brauer-Severi surfaces defined over Q.
Brauer-Severi varieties and central simple algebras
The set of isomorphism classes of central simple algebras of dimension n 2 over K and split over L is denoted by Az L/K n . The set of isomorphism classes of central simple algebras of dimension n 2 over K is denoted by Az K n . Theorem 2.1 (Serre, chap. X, §5, [9] ). Let L/K be a finite Galois extension of fields, G = Gal(L/K) its Galois group, and n be a natural number. Then there is a natural bijection of pointed sets
Notice that previous Theorem implies
It is well-known that for n = 2, 3 all the algebras in Az K n are cyclic algebras [10] . We show the equivalent definition for cyclic simple central algebras given in [4] .
Proposition 2.2. There is a bijection between the set of isomorphism classes of cyclic algebras of degree n over K and the set of equivalent classes of pairs (χ, a)
where χ : Gal(L/K) ≃ Z/nZ is a group isomorphism with L a cyclic Galois extension of degree n of K and a ∈ K * . The equivalent relation is (χ, a) ∼ (χ ′ , a ′ ) if and only if χ = χ ′ and
. Given a pair (χ, a), the corresponding algebra is given by the cocycle in H 1 (Gal(L/K), PGL n (L)) that maps 
The key embedding
The following lemma will be the key point for constructing equations defining Brauer-Severi varieties via Hilbert's Theorem 90. The n-Veronese embedding, V n : P n ֒→ P m with m = 2n+1 n − 1 induces an embedding PGL n+1 (K) ֒→ PGL m+1 (K) of Gal(K/K)-modules, see for instance Theorem 5.2.2 in [4] . We go a little bit further:
Remark 3.2. The case n = 1 is Proposition 3.5 in [5] and it was used to compute twists of hyperelliptic curves. We first consider the Veronese embedding of dimension n = 1 and degree n + 1 = 2
that induces the embedding
The case n = 2 is implicitly used in [1] for computing the only previous known equations for a Brauer-Severi variety.
Proof. (Lemma 3.1) Let us consider the Veronese embedding of dimension n and degree n + 1: V n : P n ֒→ P m with m = 2n+1 n − 1. We name the coordinates as
, where the ω k are equal to the products ω x α 0 0 ...x αn n = i x αi i with i α i = n + 1 in alphabetical order. The embedding V n induces another embedding on automorphism groups [ι n ] : PGL n+1 (K) ֒→ PGL m+1 (k). We will see that indeed we can lift it to ι n :
is the matrix whose lines are L k , where again named in alphabetical order, the coordinates of L k are given by the formula
Hence, the matrix [ι n ]([A]) is a matrix whose entries are polynomials of degree n in the entries of A. We can now fix a lift of
This is an embedding of Gal(K/K)-modules. = 0 and we repeat the previous argument with the transformed equations. This proves that V n (P n ) = V and that V n is a bijection. We will finally check that V is a non-singular variety. For that we need to check that the matrix (∂f /∂x i ) f ∈F,0≤i≤n has rank at least m − n.
This can be done by taking a sufficiently general matrix in GL m+1 (K) and applying the recipe in [9, Prop. 3, p. 159], or by searching for a basis of fixed vectors of a special action of
(iii) Get the equations of the Brauer-Severi variety in P m by using the computed φ in (iii) and the equations of V n (P n ) ⊆ P m in Proposition 3.4.
The case n = 2 made explicit
We write down the computations for the case n = 2. The Veronese embedding of dimension 2 and degree 3 looks like
This embedding induces another one
where the matrix M (A) is given by
This matrix has been computed with MAGMA [2] , we show below the code that is easily generalizable to other n ∈ N.
K<x,y,z,a,b,c,d,e,f,g,h,i>:=PolynomialRing(Rationals(),12); X:=ax+by+cz; Y:=dx+ey+fz; Z:=gx+hy+iz; X^3; X^2Y; X^2Z; XY^2; XYZ; XZ^2; Y^3; Y^2Z; YZ^2; Z^3; By Theorem 2.1 , the fact that all the elements in Az K 3 are cyclic and Proposition 2.2 , we are interested in the image by ι 2 of the matrix 
Proof. It is easily checked that the matrix φ satisfies the equation 
where the l i are conjugate numbers, the corresponding Brauer-Severi variety B is given by the intersection ∩ σ∈Gal(L/Q) σ X, where X/L is the variety in P 9 defined by the set of equations:
Proof. By Theorem 2.1 we know that all the Brauer-Severi surfaces are parametrized by Az Q 3 . We also know that all the elements in Az Q 3 are cyclic algebras [10] . We use the description in Proposition 2.2 for cyclic algebras.
In order to compute the equations, we plug the equation of the isomorphism φ in Lemma 5.1 into the equations of V 2 (P 2 ) ⊆ P 9 given in Corollary 3.5. These equations are, a priori, not defined over Q, even if the ideal generating X is. Notice that after plugging φ in the equations in the second and the third columns in Corollary 3.5, we get the conjugate equations to the ones appearing in the first column and shown here. Hence, the intersection ∩ σ∈Gal(L/Q) σ X gives the equations for B/Q.
Degree 3 cyclic extensions of Q.
In order to show equations defined over Q for the Brauer-Severi surfaces shown in Theorem 5.2, we need to work with a good basis for the degree 3 cyclic extensions L of Q. Ideally, we would like to find a basis l 1 , l 2 , l 3 of L/Q such that if we could easily write each equation in Theorem 5.2 as l 1 f 1 + l 2 f 2 + l 3 f 3 = 0 with f i ∈ Q[ω 0 , ..., ω 9 ]. Then, if the matrix   l1 l2 l3 l2 l3 l1 l3 l1 l2   is invertible, the equations of the Brauer-Severi surface would be given by f1 = f2 = f3 = 0.
In this subsection we will find an element t1 in L such that 1, t1, t 2 1 is a basis in which we can easily write the equations in Theorem 5.2 as l1f1 + l2f2 + l3f3 = 0 for some fi ∈ Q[ω0, ..., ω9].
Proposition 5.3. Let L/Q be a cyclic degree 3 extension given by the decomposition field of the polynomial P (t) = t 3 + At 2 + Bt + C with A, B, C ∈ Z. Let t1 be a fixed root of P (t) = 0. Then there exist α, β, γ, δ ∈ Z such that t2 = αt 1 +β γt 1 +δ and t3 = αt 2 +β γt 2 +δ are the other two roots of P (t) = 0.
Proof. Since L/Q is Galois and of degree 3, there exist a, b, c ∈ Q such that t2 = at 2 1 + bt1 + c. We want to look for α, β, γ, δ ∈ Z such that (at
We can take α equal to the product of the numerator and the denominator of a and we make β = (αaA − bα)/a, γ = βb + cα − αaB and δ = cβ − αaC. Now, it is easy to check that t3 = αt 2 +β γt 2 +δ is the third root and that t1 = t2 = t3 = t1. , so M 3 = 1, which implies αδ − βγ = 1,
For the last statement, we just write 0 = −A = t1 + t2 + t3. where σ(ti) = ti+1. Notice that 2 is not a norm in the decomposition field QP (t) since 2 is inert in QP (t). We prove it by checking that 2 does not divide the discriminant ∆P = 81 and that the polynomial P (t) = t 3 − 3t + 1 is irreducible in F2. The equations in Theorem 5.2 for this particular example look like: 
σ X is just generated by the equations f 1 = f 2 = f 3 = 0 where the previous equations are written as f 1 t 2 t 2 t 2 + f 2 t t t + f 3 = 0 with f i ∈ Q[ω 0 , ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , ω 6 , ω 7 , ω 8 , ω 9 ].
Singular equations
As we have already seen, the equations for a smooth model of Brauer-Severi varieties are quite impractical since they have many variables and terms. However, if we work with singular models we can show "nicer" models, meaning, having less variables and shorter equations.
Lemma 6.1. Let K be a perfect field, and let be B n :
Proof. Let us consider de map ψ :
... : x n :
It gives a birational map between P n and ψ(P n ). Moreover, Proof. First of all, notice that this variety is birrationally equivalent to B n in lemma 6.1 over L. In particular, it is birrationally equivalent to P n over L, and hence birrationally equivalent to a Brauer-Severi variety over K. We will see that indeed, it is birrationally equivalent over K to the Brauer-Severi variety associated to (χ, α) as in Theorem 2.1 and Proposition 2. Let us call φ n to the composition of φ with the inverse of the birrational map ψ in Lemma 6.1 between B n and P n . Then the cocycle defined by ξ(σ) = φ n σ φ −1 n is precisely the cocycle in proposition 2.2 defining the Brauer-Severi variety attached to (χ, α). 
